
COMPUTATION OF  

MULTI-REGION, RELAXED MHD EQUILIBRIA 

 

SOLUTIONS TO  p = j  B  IN 3D GEOMETRY 

Dr. S.R. Hudson 
 

With Prof. M.J. Hole & Em. Prof. R.L. Dewar 

 

The Australian National University 
Princeton Plasma Physics Laboratory 

 

With Special Thanks To J. Loizu, A. Bhattacharjee, P. Helander & S. Lazerson 
 

The 10th West Lake International Symposium On Magnetic Fusion 

 & 12th Asia Pacific Plasma Theory Conference 

May 9-13, 2016, Hangzhou, China 
 



Equilibrium 
• Grad-Shafranov, VMEC, NSTAB, IPEC, . . . 

• Reconstruction, e.g. EFIT, V3FIT, STELLOPT 

• Experimental design, e.g. ITER, W7-X 

Stability 
• Kink 

• Ballooning 

• Peeling ballooning, e.g. ELMs, ELITE, . . . 

Transport 
• Neoclassical 

• Turbulent 

“MHD represents the simplest self-consistent model describing the macroscopic equilibrium 

and stability properties of a plasma.” 

 

“The model describes how magnetic, inertial and pressure forces interact within an ideal 

perfectly conducting plasma in an arbitrary magnetic geometry.” 

 

J.P. Freidberg, Ideal Magnetohydrodynamics, Plenum Press, New York, 1987 

MHD determines the plasma equilibrium, 

and the linear and non-linear stability.  



Problem: solutions to force balance with nested surfaces 

have a non-analytic dependence on 3D boundary. 



Problem: solutions to force balance with nested surfaces 

have singularities in the parallel current-density. 



Approximating a localized current-density by a -function current density  
1. is acceptable for a macroscopic physical model that assumes infinite conductivity, and  

2. is mathematically-tractable (one just needs to accommodate discontinuous solutions). 

 

 

 

 



Problem: the pressure-driven 1/x current density gives  

infinite parallel currents through certain surfaces.  

The problem is NOT a lack of numerical resolution. 

Is a dense collection of alternating infinite currents physical? 
 

Shown below is the total current through elemental transverse area, for different (m,n) perturbations  

 



If there are rational surfaces, then we must choose: 
1. flatten pressure near rationals, smooth pressure;  

2. flatten pressure near rationals, fractal pressure;  

3. flatten pressure near rationals, discontinuous pressure;  
4. restrict attention to “healed” configurations      [Weitzner, PoP 21, 022515 (2014); Zakharov, JPP 81, 515810609, (2015)] 

 discontinuous, 

stepped pressure 

 continuous, 

fractal pressure 

 

Culmination of long history of “waterbag” or “sharp-boundary” equilibria: 
[Potter, Methods Comp. Phys., 16, 43 (1976); Berk et al., Phys. Fluids, 29, 3281 (1986); Kaiser & Salat Phys. Plasmas 1, 281 (1994)] 



Relaxed MHD  Multi-Region relaxed MHD  Ideal MHD 
[Taylor, Phys. Rev. Lett. 33, 1139 (1974)]              [Dewar, Hole, Hudson, et al., circa 2006]        [Kruskal & Kulsrud, Phys. Fluids 1, 265 (1958)] 



[Hudson, Dewar et al., Phys. Plasmas 19, 112502 (2012)] 

Relaxed MHD  Multi-Region relaxed MHD  Ideal MHD 
[Taylor, Phys. Rev. Lett. 33, 1139 (1974)]              [Dewar, Hole, Hudson, et al., circa 2006]        [Kruskal & Kulsrud, Phys. Fluids 1, 265 (1958)] 



Relaxed MHD  Multi-Region relaxed MHD  Ideal MHD 
[Taylor, Phys. Rev. Lett. 33, 1139 (1974)]              [Dewar, Hole, Hudson, et al., circa 2006]        [Kruskal & Kulsrud, Phys. Fluids 1, 265 (1958)] 



Excellent qualitative agreement between numerical calculation and experiment. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

NUMERICAL CALCULATION USING STEPPED PRESSURE EQUILIBRIUM CODE 

Minimally Constrained Model of Self-Organized Helical States in Reversed-Field Pinches 

G. Dennis, S. Hudson et al. Phys. Rev. Lett. 111, 055003 (2013) 

Fig.6. Magnetic flux surfaces in the transition from a QSH state . . to a fully developed SHAx state .  .  

The Poincaré plots are obtained considering only the axisymmetric field and dominant perturbation” 

EXPERIMENTAL RESULTS 

Overview of RFX-mod results 

P. Martin et al., Nucl. Fusion, 49 104019 (2009) 

August,  2009 nature 

physics 
Reversed-field pinch 

gets self-organized 

NV=2, “double-Taylor” state with transport barrier; 

MRxMHD explains self-organization of RFP into helix. 



NV=3, compute the -function current density, 

3D ideal-MHD solutions require infinite shear! 

[Loizu, Hudson et al., Phys. Plasmas 22, 022501 (2015)] 

Analytic verification with SPEC 



NV=, compute the 1/x current-density, 

3D ideal-MHD solutions require infinite shear! 

Analytic verification with SPEC 

[Loizu, Hudson et al., Phys. Plasmas 22, 022501 (2015)] 



Infinite shear ≡ discontinuous rotational-transform: 

introduce new class of solutions to p = j  B  

Analytic verification with SPEC 

RMP penetrates into the core, 

even for ideal-MHD. 

discontinuous rotational-transform 

 

[Loizu, Hudson et al., Phys. Plasmas 22, 090704 (2015)] 



Infinite shear ≡ discontinuous rotational-transform: 

introduce new class of solutions to p = j  B  

Analytic verification with SPEC 

Perturbation amplified by pressure 

near and inside “resonant” surface 

discontinuous rotational-transform 

smooth pressure 

[Loizu, Hudson et al., Phys. Plasmas 23, 055703 (2016)] 



Now, including pressure and an island . . .  

amplification and penetration of the RMP is still present. 

Discontinuous transform 

 with no island (ideal) 

Continuous transform 

 with island (tearing) 



The two classes of general, relevant, tractable 3D MHD 

equilibria are: 



Ongoing development/applications of SPEC  

= Stepped Pressure Equilibrium Code 

free-boundary 

SPEC 

fixed-

boundary 

DIIID: SPEC cf. VMEC 

W7-X 

SPEC cf. Biot Savart 



Back up slides 



Now, including pressure and an island . . .  

amplification and penetration of the RMP is still present. 



[Loizu, Hudson et al., Phys. Plasmas 22, 090704 (2015)] 

Necessary condition for non-overlapping of perturbed surfaces 

Existence of non-linear solutions 
Discontinuously-perturbed  

 flux surfaces overlap! 



Amplification and penetration as stability boundary is approached 

[Loizu, Hudson et al., Phys. Plasmas 23, 055703 (2016)] 



Discontinuous transform solution cf. 

“Tearing” solution 

Discontinuous transform 

 with no island (ideal) 

Continuous transform 

with island (tearing) 



SPEC  allows discontinuous profiles: exact   agreement 

VMEC  assumes  smooth            profiles: approximate  agreement 

[Loizu, Hudson, …, Lazerson, ..., Phys. Plasmas 23, 055703 (2016)] 



excluded interval about every rational 



Convergence studies using VMEC 
[Lazerson, Loizu et al., Phys. Plasmas 23, 012507 (2016)] 



Published SPEC convergence / verification calculations 



Early and recent publications  
Hole, Hudson & Dewar,  PoP,   2006 (theoretical model) 

Hudson, Hole & Dewar,  PoP,   2007 (theoretical model) 

Dewar, Hole et al.,  Entropy, 2008 (theoretical model) 

 

Hudson, Dewar et al.,  PoP,   2012  (SPEC) 

Dennis, Hudson et al.,  PoP,   2013  (MRxMHD  ideal as NR  ) 

Dennis, Hudson et al.,  PRL,   2013  (helical states in RFP = double Taylor state) 

Dennis, Hudson et al.,  PoP,   2014  (MRxMHD+flow) 

Dennis, Hudson et al.,  PoP,   2014  (MRxMHD+flow+pressure anisotrophy) 

Loizu, Hudson et al.,  PoP,   2015  (first ever computation of 1/x &  current-densities in ideal-MHD) 

Loizu, Hudson et al.,  PoP,   2015  (well-defined, 3D MHD with discontinuous transform) 

Dewar, Yoshida et al.,  JPP,   2015 (variational formulation of MRxMHD dynamics) 

Loizu, Hudson et al.,  PoP,   2016  (pressure amplification of RMPs) 

Recent and upcoming invited talks  

Hudson, Dewar, et al., 2012 International Sherwood Fusion Theory Conference 

Dennis, Hudson, et al., 2013 International Sherwood Fusion Theory Conference 

Dennis, Hudson, et. al., 2013 International Stellarator Heliotron Workshop 

Hole, Dewar, et al., 2014 International Congress on Plasma Physics 

Loizu, Hudson, et al., 2015 International Sherwood Fusion Theory Conference 

Loizu, Hudson, et al., 2015 APS-DPP 

Hudson, Loizu et al., 2016 International Sherwood Fusion Theory Conference 

Hudson, Loizu, et al., 2016 Asia Pacific Plasma Theory Conference, 2016 

Loizu, Hudson, et al., 2016 Varenna Fusion Theory Conference 



Compute the 1/x and -function current densities in perturbed geometry 

Self-consistent solutions require infinite shear 

Analytic verification with SPEC 

[Loizu, Hudson et al., Phys. Plasmas 22, 022501 (2015)] 



NV=2 : “Double-Taylor” state with transport barrier; 

MRxMHD explains self-organization of RFP into helix 

Excellent Qualitative agreement  between numerical calculation and experiment 
 this is first (and perhaps only?) equilibrium model able to explain internal helical state with two magnetic axes 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

NUMERICAL CALCULATION USING STEPPED PRESSURE EQUILIBRIUM CODE 

Minimally Constrained Model of Self-Organized Helical States in Reversed-Field Pinches 

G. Dennis, S. Hudson,et al. Phys. Rev. Lett. 111, 055003 (2013) 

Fig.6. Magnetic flux surfaces in the transition from a QSH state . . to a fully developed SHAx state .  .  

The Poincaré plots are obtained considering only the axisymmetric field and dominant perturbation” 

EXPERIMENTAL RESULTS 

Overview of RFX-mod results 

P. Martin et al., Nucl. Fusion, 49 104019 (2009) 

August,  2009 nature 

physics 
Reversed-field pinch 

gets self-organized 



Dense collection of alternating infinite currents 

is not an acceptable solution. 


